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Abstract

The purpose of this paper is to present a systemic study of some families of
multiple g-Euler numbers and polynomials and we construct multiple g-zeta
functions which interpolate multiple g-Euler numbers at a negative integer.
This is a partial answer to the open question in a previous publication (see Kim
et al 2001 J. Phys. A: Math. Gen. 34 7633-8).

PACS number: 02.10.De
Mathematics Subject Classification: 11B68, 11S80

1. Introduction

Let p be a fixed odd prime number. Throughout this paper Z,, Q,, C and C, will, respectively,
denote the ring of p-adic rational integers, the field of p-adic rational numbers, the complex
number field and the completion of algebraic closure of Q,. Let N be the set of natural
numbers and Z, = N U {0}. Let v, be the normalized exponential valuation of C, with
ply=p P =

Kurt Hensel (1861-1941) invented the so-called p-adic numbers around the end of the
19th century. Even though they have been discovered a 100 years ago, today these numbers
are still enveloped in an aura of mystery in the science community. The p-adic numbers are
used not only in mathematical physics, particularly in string theory and field theory, but also in
other areas of natural sciences in which one faces complicated fractal behavior and hierarchical
structures, for example, in turbulence theory, dynamical systems, statistical physics, biology,
etc, cf [23-25, 30]. On the other hand, non-Archimedean functional analysis has been
developed rapidly in recent years together with its applications in mathematical physics (see
[1, 5-18, 23-26, 30]). Recently, theoretical physicists have envisioned ultrametric structures
similar to tree-like structures arising in the study of physical systems, and have sought to
construct related models using p-adic numbers and p-adic analysis. Spin glasses (with
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their ultrametric structures) formed an initial field of application of ultrametric techniques
in theoretical physics (see [23-25]). In particular, the fact that at a very small distance,
the physical space may no longer be Archimedean seems plausible to some mathematical
physicists, cf [24-26, 30]. Therefore, p-adic analysis and the non-Archimedean geometry can
be used not only for the description of geometry at small distances but also for describing the
chaotic behavior of complicated systems, such as spin glasses and fractals, in the framework
of traditional theoretical and mathematical physics, cf [23-26, 30]. In [27], Albeverio et al
proved several limit theorems in the sense of the p-adic probability. The latter is understood as
the p-adic limit of relative frequencies or, more generally, as a p-adic-valued measure. In 1995,
Khrennikov considered the foundations of p-adic probability theory in which the probabilities
of events are p-adic numbers. This theory is based on generalizations of the frequency theory of
probability. The main idea is to consider the statistical stabilization of relative frequencies not
only in the real topology but also in the p-adic topology (see [28]). A statistical interpretation
of p-adic quantum mechanics and field theory with p-adic-valued functions is given by means
of p-adic probability theory (see [28, 30]). There is an unexpected connection of p-adic
analysis with g-analysis and quantum groups, and thus with noncommutative geometry g-
analysis is a sort of g-deformation of the ordinary analysis. Spherical functions on quantum
groups are g-special functions. When one talks of g-extension, ¢ is variously considered as an
indeterminate, a complex number g € C or p-adic number g € C,. If ¢ € C, one normally
assumes |g| < 1, and if g € C,, one normally assumes |1 — g|, < 1. We use the notation
k= =4 and e, = D"
1—¢q 1+¢g

The g-factorial is defined as [n];! = [n],[n — 1], ---[2]4[1];. For a fixed d € N with
(p,d) =1,d = 1(mod 2), we set

(see [4-T7]).

X = X, =limZ/dp", x*= |J a+dpz,,
N O<a<dp
(a,p)=1

a+deZp={x € Xlx=a (mod p")},

where a € Z satisfies the condition 0 < a < dp”. The g-binomial formulas are known as

_ - n i i
(b; @) = (1 =b)(1 =bgq)...(1 —bg"™ ") = Z <l> ¢@=1)p
i=0 q
and
I _ 1 _ i (n +i— 1) b
biq)n (1=b)(1=bg)...(1 =bg"™ ) i S
where (Z)q = [nJ:]l]q!Ek] = ["]"[”_lg]‘i]'"![n_“l]" are the g-binomial coefficients for n, k € Z,

(see [4, 8, 9]).

Recently, many authors have studied the g-extension in various areas (see [4—6]). In this
paper, we consider the theory of g-integrals in the p-adic number field associated with Euler
numbers and Euler polynomials closely related to the fermionic distribution. We say that f is
auniformly differentiable function at a pointa € Z,, and write f € U D(Z,), if the difference
quotient Fy(x, y) = LU=L0) has a limit f'(a) as (x,y) — (a,a). For f € UD(Z,), the
fermionic p-adic g-integral on Z,, is defined as

C l4g "
1, (f) =/le fx) d“q(x):p}‘féo 1+qu XZ fxX)(—=q)*, (see7,8,9). (1)

=0
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Thus, we note that

lim 1,5 =115 = [ £ o, @
Forn € N, let f,(x) = f(x +n). Then we have
n—1
Lf) =ED"HH+2) D). 3)
=0

Using formula (3), we can readily derive the Euler polynomials, E, (x), namely

o0

2 "
(x+y)t d = xt = E, — 16—20 .
/ZP e m) = e ;:O (00— (see | D

In the special case x = 0, the sequence E, (0) = E,, is called the nth Euler number. In one of
an impressive series of papers (see [1-3, 21, 23]), Barnes developed the so-called multiple zeta

and multiple gamma functions. Barnes’ multiple zeta function ¢y (s, wlay, ..., ay) depends
on the parameters ay, . . ., ay that will be assumed to be positive. Itis defined by the following
series:
[o¢]
In(s, wlay, ...,ay) = Z (w+may +---+myay)”® for R(s) > N, R(w) > 0.
my,..., my=
)

From (4), we can easily see that

Cua1 (S, w +ayqilar, ..., ane1) — Sy (s, wlay, ..., ans) = —Cu (s, wlag, ..., ay),

and ¢o(s, w) = w™* (see [11]). Barnes showed that {5 had a mesomorphic continuation in
s (with simple poles only at s = 1,2,..., N) and defined his multiple gamma function
['v(w) in terms of the s-derivative at s = 0, which may be recalled here as follows:
Yo(wlag,...,ay) = 0¢n(s, wla,...,an)|s=0 (see [11]). Barnes’ multiple Bernoulli
polynomials B, (x, r|ay, ..., a,) are defined by

tr
[T = 1)
By (4) and (5), we see that

> " 2
e" = ZB,,(x,r|a1, e, ay)— <|t| < max —7T>, (see [11]). &)
n=0

n!’ 1<i<r |a,»|

(—=1)¥m!
¢n(=m,wlay, ...,an) = ———— Bywm(w, Nlay, ..., an),
(N +m)!
where w > 0 and m is a positive integer.

By using the fermionic p-adic g-integral on Z,, we consider the Barnes-type multiple
g-Euler polynomials and numbers in this paper. The main purpose of this paper is to present
a systemic study of some families of Barnes-type multiple g-Euler polynomials and numbers.
Finally, we construct a multiple g-zeta function which interpolates multiple g-Euler numbers
at a negative integer. This is a partial answer to the open question in [6, p 7637].

Barnes’ multiple zeta and gamma functions were also encountered by Shintani within the
context of analytic number theory (see [11]). Recently, several mathematicians have studied
multiple zeta functions or multiple zeta values and di-zeta values. It is apparent that these
numbers are of interest and importance. In particular, Barnes’ multiple zeta functions occur
within the context of knot theory and quantum field theory, cf [10-16, 29, 30]. Meanwhile,
the special values of Barnes’ multiple zeta functions at a positive integer have come to the
foreground in recent years both in connection with theoretical physics (Feynman diagrams)

3
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and the theory of mixed Tate motives, cf [30]. Ruijsenaars [29] showed how various known
results concerning Barnes’ multiple zeta and multiple gamma functions can be obtained as
specializations of simple features shared by a quite extensive class of functions. The pertinent
functions involve Laplace transforms, and their asymptotic behavior was obtained by exploiting
them. Ruijsenaars demonstrated how Barnes’ multiple zeta and multiple gamma functions fit
into the recently developed theory of minimal solutions to the first-order analytic difference
equations (see [29-31]). Both of these approaches to Barnes’ functions gave rise to novel
integral representations.

2. Barnes-type multiple g-Euler numbers and polynomials

Let x, wy, wy, ..., w, be the complex numbers with positive real parts. In C, the Barnes-type
multiple Euler numbers and polynomials are defined by

or S " "
— " = E7 (x|wy,...,w,)—, for |t|<max{—|t: r}
eI P ns i

and E,(,’)(wl, e, W) = E,(f)(0|w1, ..., w,), respectively (see [11, 12, 14]).
In this section, we assume thatg € C, with [1—¢|, < 1. We first consider the g-extension
of Euler polynomials as follows:

ZEnqu)— = f Pl () =2 (=" el (see [7,8, 17)) . (7)

n=0 I’ m=0

n\_ 1\ ,lx
Thus, we have E, ,(x) = (,_zq)n Yoo (D1 (see [7]). In the special case x = 0,

1+q*

E,, = E,4(0) is called the g-Euler number. The g-Euler polynomials of order r € N
are also defined by

ZE,(;Z]( ) / / [x+x1+-- +XI]qthl(-xl) dul(-x;)

n=0

- —1
=7 Z (m +’; >(—1)'"e['"+x]v’ (see [7, 8]). (8)

m=0

In the special case x = 0, the sequence E t)] 0) =FE ,(l’)q is refereed as the g-extension of the
Euler number of order r. Let f € N with f = 1 (mod 2). Then we have

E,(ff,(X) // [x +x1+ -+ x 10 dia () - dpe ()
7, Z,

= (13—:])”2”:< )( l)l Ix Z Z q h I(a,+fm)( 1)Z‘ (i fmy)
=0

..... a,=0my,....m,=0
o0
=27 Y (=" [y e+ my 4 X 9)
mi,..., m, =

By (8) and (9), we obtain the following theorem.

4
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Theorem 1. Forn € Z., we have

oo

EN (x) =2 Z (=)™ [y 4y + X
miy,..., nm, =
, C imar—1 m "
=2>" N (—1)"[m +x]2.
m=0

Let Fq(”(t, x) =300 E,S’; (x))'q—"!. Then we have

[e.¢]
m+r—1
Fq(r)(f, x)=2" Z < . )(_l)m elm+xlqt

m=0
)

—r Z (_l)m]+~~~+m,e[m]+~~~+m,+)(]qt. (10)

Let x be Dirichlet’s character with conductor f € N with f = 1 (mod 2). Then the generalized
g-Euler polynomials attached to x are defined by

> Erpa @)y =23 (1" g my e, (an
n=0 : m=0
Thus, we have
f-1
Epyq(@) =Y x@(=1)" /Z Lx+a+ fy] dui ()
a=0 P
i X+a
=1 x@ (=1 E, s (T) : (12)
a=0

In the special case, x = 0, the sequence E, , ,(0) = E, , 4 is called the nth generalized
g-Euler numbers attached to x. From (2) and (3), we can easily derive the following equation:

nf—1
Enyqf) = (=1)"Epyq =2 > (=D""xOu1.
1=0
Let us consider the higher order generalized g-Euler polynomials attached to x as follows:
r 00
tl‘l
f / l_[X(xi) e[x1+-..+xr+x]qldul(xl)...dMl(xr) — ZEy(lr;(q(x)_, (13)
X x \i par S n!

where E,g’ z( 4(x) 1s called the nth generalized g-Euler polynomials of order r attached to x.

By (13), we see that

- n f-1 r NY I a
2 n\ . (=g)=="
E(r) — Ix _1 l . -
n,x,q(x) (1 _q)n g(z)q ( ) . Za:() EX(aj) (1+qlf)r
00 f-1 r r !
m+r—1 ro
—r > (" e B (TTxen | 0= | Y exens | g
m=0 ap,...,a,=0 \ j=1 Jj=1

q

00 00 ’
t" r ) S
ZEif)x,q(x)gzzr Y. (=hEam (Hx(m») e Xjmmilat - (15)

i=l1

5
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In the special case, x = 0, the sequence E\) (0) = E\)
g-Euler numbers of order r attached to .
By (14) and (15), we obtain the following theorem.

is called the nth generalized

Theorem 2. Let x be Dirichlet’s character with conductor f € N, with f = 1 (mod 2). For
n e ”ZyreN, wehave

(r) (x) 2" i ( ) lX( 1) % lL[ (a) ﬂ
n X-q ( )n W i x\a; (1 + qlf)r
P 2 (m+r—1 . i d S a d '
=2 Z( . )(—1) S TTx@p | (o= > a;+x+mf
m=0 ai,..., a,=! j=1 j=1

q
— 9 Z (_1)m1+---+mr (1_[ X(ml)> [x+my+---+ m”]Z
i=1

For h € Z and r € N, we introduce the extended higher order g-Euler polynomials as
follows:

E(h”(x)—/ / J=1 DX [ ey 4 4 x 0 dp (xp) L dp (x) (see [8]). (16)

From (16), we note that

By =20 Y g Gmnm e [y e, (17)

mp,..., m,=0

It is known in [8] that

r 2r - (")(_ch)l r = m+r—1 —r\m n
E,g'y(x):(l_q)nz L =2 Z( o )(—qh Y"[x +mll. (18)

__ah—r+l.
1=0 ( q ’ q r m=0 q

Let Fq(’”) (t,x)=3Y12, E,ﬁfl(']’)(x)jl—';. Then we have

)
m+r—1 _, ,
Fq(h,r) (L x) = Z ( o, ) q(h )m(_l)m e[n+)c]4,t

m=0 q
it "
—r Z qZ;:l(h—j)m, (_1)2;:1 m/e[x+m1+»--+m,]qt' (19)
m,..., m,=0

Therefore, we obtain the following theorem.

Theorem 3. Forh € Z,r € Nand x € QF, we have

o0
B =2 3 g e ]

For f € N, with f = 1 (mod 2), it is easy to show the following distribution relation for
E"0(x):
n.q

= xX+a1+---+a
r n aj++a, i —ja;j v r
EMD) =1f1 Y (=) tegiia g, (f>
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Let us consider Barnes-type multiple g-Euler polynomials. For wy, ..., w, € Z,, we define
the Barnes-type g-multiple Euler polynomials as follows:

E,gf;(xml,...,w,):f / D wixg x| dpa(x) ..o dp (x). (20)
Z, 2
q

From (20), we can easily derive the following equation:

r n n\c_ - x\l
2 Z (1) (=4 (see [8]). Q1)

ET (xlwy, ..., w,) = ,
4 (1 =) = (I+g") ... (1+g")

Thus, we have

E — ] . /! _ Tai A wja

2 n 2 : ( l)zi—la/q j=1 Wid;
z(lr)(xlwh...,w,)_—E :( )( 7" , )
q (1 - LI)" = [ iy (1 + qlfw]) . (1 +qlfwr)

where f € Nwith f =1 (mod 2). By (22), we see that

oo

Er(lr,gl(x|w]’.”’wr) —r Z (_1)m|+.--+m,-[x+w1m1 +...+wrmr]2. (23)
my,...,m,=0
In the special case, x = 0, the sequence E,(:‘)I(wl, w,) = E,(lffl(0|w1, c W)
is called the nth Barnes-type multiple g-Euler number. Let F q(’) @, xlwy, ..., wy) =
Yonig EV) (xlwy, ..., w,) 5. Then we have
o0
FO(t x|wy, . wy) =27 Z (= Lymytedme glvvwimittwpm gt (24)
my,...,m,=0
Therefore, we obtain the following theorem.
Theorem 4. For wy, ..., w, € Zp, r € Nand x € Q*, we have
o0
Bl ceou) =2 3 Ot T
mi,..., m, =0
R [0
(1 _ q)n — (1 + qlw]) .. (1 + qlw,.)
For wy, ..., w, € Zp, ai, ..., a, € Z, we consider another g-extension of Barnes-type
multiple g-Euler polynomials as follows:
Ey(xlwi, ... wiar, ... ap)
n
r
= / : / x+ Z wix; | g g () - dp (). (25)
z, z, o \

Thus, we have

r 2r n n (—l)lqlx
E,(lz,(xlwl,...,wr;al,...,a,): Z z (1) 1 . 6)
, 1 —g)" P (1 + glwrtary ... (1 + glwrtar)

From (25) and (26), we can derive the following equation:

n

E) (xlwi. ... wpsar, .. a) =2 Y (=DX=migiieam ey x| (27)

miy,..., m,= j=1
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Let FO(t, x|wi, ..., wesan, ..., a,) = Y 02 EV) (x|wi, ..., w5 a1, a,) 5. Then, we

n,q
have

(r .
Fq )(I,X|w1,...,wr,a1,...,a,-)
)
= Z (_1)m]+---+m,qa|m1+-~+a,m, e[)c+w]m]+---+w,.m,]qt

mi,...,m,=0

Theorem 5. Forr e N, wy,...,w, € Zy,anday, ..., a, € Z, we have

,
EV) (xlwi, ... wsar,...a) =27 Y (=DZmgEmam x4y wm;

my,..., m,=0 j=1

n

Let x be Dirichlet’s character with conductor f € N, with f = 1 (mod 2).
we consider the generalized the Barnes-type g-multiple Euler polynomials attached to x as

follows:

E)y @lwi, . war .. ap)

=/ ---/[x+w1x1+---+w,-xr]z [TxCep g du @) ... dpix).
X X

j=1
Thus, we have

E](lr;i(,q(x“ul’ crt wr; als cec al‘)
f-1 r

e > <Hx(b,-)> (= 1)2m g 2w fat = ()= D'¢"

i=1
From (29), we note that

E(r) (-x|w1s'-~’wr;a1,~--7ar)

n.x.q
o0 r r "
r my+e+m, aymy+--+a,m,
=2 E Hx(m,-) (=)™ rqgt™ el x + E w;m;
mi,..., m,= j=1 j=1 q
Therefore, we obtain the following theorem.
Theorem 6. Forr e N, wy,...,w, € Z,anday, ..., a, € Z, we have
EV) (&lwi, . wsan . a)
o0 r r "
r my+e+m, aymy+--+a,m,
=2 E l_[)((m,-) (=)™ q“™ X+ E w;m;
..... »=0 =1 i=1
my,...,m J J q

o0
Let F;f))((t,x|w1, WA, ..., a) = ano E® xlwy, ..., wesa,...,a.)5

n!’

n.x.q
By theorem 6, we see that

F(I(T))((t’xlwlv '-'9wr;a19"-7ar)

o0

r
— 9 Z 1_[ X(ml) (_1)ml+---+m,qa1m1+---+a,m,. e[’H'Z;:I wjm/-]qt‘

my,-my=0 \ j=1

1‘[;:1(1 + q(lw,-+aj)f) .

"

(28)

Now

(29)

(30)
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3. Barnes-type multiple g-zeta functions

In this section, we assume that g € C with |¢| < 1 and the parameters wy, . .., w, are positive.
From (28), we consider the Barnes-type multiple g-Euler polynomials in C as follows:
F;r)(t7x|wlv MR wr; als e ’ar)
o0
—r Z (_1)m1+»--+m,qalm1+-~+a,m, e[)c+w1m1+»--+w,m,]qt
My, m,=0
S . " i
= ZEnq(x|w1,...,w,,al,...,a,)—', for |t| < max {—. 31D
’ n: 1<i<r | |w;]
n=0
For s, x € C with M(x) > 0,ay, ..., a, € C, we can derive the following equation (32) from
the Mellin transformation of F‘;”(t, x|wi, ..., weap, ..., a):
1 RO
—_— FVEO (=t x|wy, .., wesay, - ., ap)dE
el R A : )
o0
— )Mty gmiaitetmar
2 ¥ ) 1 . (32)
[x +wymy +-- - +wm,]3
mi,...,m,=0 q
For s,x € C with R(x) > 0, a1,...,a, € C, we define the Barnes-type multiple g-zeta
function as follows:
o0
(_1)m1+-~+m,,qm1a1+~-+m,a,
Sor(soxlwn, o wrian . a) =20 ) : (33)
[x +wimy+---+wm,J*
mi,....m,=0 q
Note that ¢, (s, x|wy, ..., w,) is the meromorphic function in the whole complex s-plane.

By using the Mellin transformation and the Cauchy residue theorem, we obtain the following
theorem which is a part of answer to the open question in [6, p 7637].

Theorem 7. For x € C with R(x) > 0, n € Z,, we have
Lur(=n, xlwy, .. wesan, .. a) = EV) (xlwy, . wesan, o ap).

Let x be Dirichlet’s character with conductor f € N with f = 1 (mod 2). From (30),
we can define the generalized Barnes-type multiple g-Euler polynomials attached to x in C as
follows:

Fq(f))((t,xlwl,...,w,;al,...,a,)
o0 r
—r Z 1_[ X (mz) (_1)m|+~--+m,.qa]m|+---+a,m, e[x+z;:] wim;lgt
mi,..., m, =l j=1
o n
— ZE(V) (x|w . r 34
= g 1,...,wr,a1,.-.,ar)n,- (34)
n=0 :
From (34) and the Mellin transformation of Fq(’))( ¢, x|lwy, ..., wrai,...,a), we can

easily derive the following equation (35) :
L/‘OOIS’IF(")(—I x|wy wy; ay a,) dr
F(S) ) a.x 5 5 ey Wry s ooy Up

o] (H;:l X(”%)) (_1)m1+~'.+m,qm1a1+...+mrar

[x +wimy +---+wem, I

(35)
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For s, x € C with i(x) > 0, we also define the Barnes-type multiple g-I-function as follows:

l;f;(s,xlwl,...,w,;al,...,a,)

o] (H;:l X(mj)> (_1)m1+...+m,qm1a1+...+mrur

=2 36
Z [x +wm;+---+wm,[} (36)
mi,...,m=0 q
Note that l;” 3( (s, x|wy, ..., w,) is the meromorphic function in the whole complex s-plane.

By using (34), (35), (36) and the Cauchy residue theorem, we obtain the following theorem.

Theorem 8. For x,s € C with R(x) > 0, n € Z,, we have l;f;((—n,xlwl,...,w,;
ai,...,a,) = Ef:;(’q(x|w1,...,w,; aip,...,a,).

We note that theorem 8 is r-multiplication of Dirichlet’s-type g—/-series. Theorem 8 seems
to be interesting and worth studing in the area of multiple p-adic [-function or mathematical
physics related to Knot theory and ¢-function (see [4-22]).
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